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THE ABACUS, IN ITS HIBTORIC AND SCIENTIFIC
ABPECTS.

By Cagowy, G. Eworr, D. So. (Edin.), F. R. 8. E.

[h’eu,.f December 18th, 1585.]

PAET I.—THE HISTORIC ASPECT.

The Seroban (K % ) or Japanese Abacus is one of ihe first ohjocts
that strongly attracts the aitention of the foreigner in Japan, He boys
at somo shop o few trifling articler and sume up the tobal cost in his
own mind. Dot the tradesman deigrs not to perplex himself by a
process of mental arithmetic, bowever simple. He seizes his Soroban,
preparen it by a tilt and & ratiling sweep of his lLand, makos a few
rapid, clicking ndjnsimonts, and names the price. There seems fo be
& tradition amonpst forcigners toat the Soroban is ealled into reqoisi-
tion wore especinlly at times when the tradesman ja weditating
imposition ; and in wany ecases il is corlain that the Western mind,
with its power of mental addition, regards the maonipulator with
a slight contewmpt., A litHle expericnce, however, should tond to
traneform this contempt into admication. For it may be safely nsseried
that even in tha simpleat of all arithmetienl operations the Soreban
possceses distinel ndvantages over the mental or Ggurivg process. In
n :nmpnliﬁutn in Hih’l]l1|.! addilion between a ¥ L-Ig}ltuijsg Caleuiator,” an
aceurate and rapid accountaat, and au ordioary Japancee smnll tradea-
man, the Japancse with his Seroban wounld easily carry off the palm.
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It is troe that the Jepaness ofien usen his board and beads when the
operation is eimple enongl to be eompletod mentslly during the time
that he stretches his hand ont to take hold of his instroment ; but thad
is only an illostration of the irresistible foree of habif, To him the men-
tion of avy arithwmetien]l operation suggesie * Boroban.” He.could no
doubt, if e tried, add 12 and 18 in his mind ; bat before he has fime
to recognise the pur_'u!illr nimpli:uif.}r of any spefiul pmb]ﬁm, and, dia-
pusacasing his thonght of ** Boroban," proceed to solve it as the foreigner
does, he would waste more time in mental labouy than is expended in
tbe maoval Inbour of adjostivg aud manipolatiog bis counters. The
only blame indesd that cau bs attached to him for nsing his instro-
ment to add & to B is thet ho is strietly consistent. Bui let ns suppose
that a porchaser has bought three artisles which are priced at Yen
1.25, Yen 2.84, and Yen 8.17 rvespectively. How many people ont of
any loodred of ordivery intelleel could edd these three nnmbees
eoreectly in their mind ? A Japanese shop-boy with Seroban in hand
will do it as fast as the numbers ean be named, and with greater
precizion and ecrtainty than many of os eould attnin in figoring, Faels
like these suffice to give to the insbroment & cerlain respectability.

The Abacus possesses bosides o high respectability, arising from
ite gront age, its wide-sprend distribution, sod its peculinr inflnence
in tha evolntion of onr modern eyetem of arithmelie, In the Western
lands of to-day it is used only in infant schools, and is intended to
initiate the infant mind into the first mysleries of numbers. The
child, if he ever is tooght by ils means, soon passes from thia bead-
eounling to the slate and elate pencil. He learne onr Indian Nomerals,
of which ane only in st all enggentive of ite meaning @ and with these
symbols he ever after makes all his ealeulations, In India and all aver
civilized Asia, however, the Abasns slill Lolds its own ; and io Chins and
Jopan the method of nsing it is peculinrly seicntifie. It seems pretly
certain thai ils origion! bome was India, wheneo it spread westward io
Europs and eustward to Chiva, sesaming various forme, no donbi, bat
till remnining essentislly the same insiroment. Ibe decay in Europe
cau bo traced to the gradeal iutroduction and perfecting of the
modern eipher system of notation, whiel sgain in part owes ils early
origin to the indications of the Abacus itself. Aeccording to the
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results arrived at by Bir E. Clive DBayley, in his discussion of the
genealogy of modern pumerals, ' the main facts seem to be these, The
Abacus finds its earliest bhistorie home in India, where originally it
existed alongside of most complieatad systems of nomerienl potation,
The gradual simplifiestion of these in accordance wilk the universal
lendevcy of the bumay mind under civilisation—a simplification which
largely comsists i borrowing from elsewbere—brought them into
eloser and eloser eorrespondence with the indieations of the Abasus.
At last with the evolution of the 2ere, the notatich beeame nesurately
gymbolie, of the ecolumns of the Abacus, snd rapid ealenlation was
possible withoat their aid, In Euwrope the vew syslem, istrodueed
throagh the Arabs, graduslly displaced whatever * ecunter' system
was in vogue. But the substitation of the symbolie for the mechanical
wna only partinl in India, while in China and Japan eeniurics bave
been ipsufficient to effect the change, These facls are sofficient to
show that the ciphering sysiem is not so very soperior to the Abacus
as we of wostern traiving are apt at first to imagine. That the
Chinese and Japanose shoold still vse ou ivstrument, which to us is
puggestive of an infsnt sehool, is slartling, To explain it as o resalt
of the general eonservatism of the enstern mind j3 polling to the
point; for nol culy bms the conservaiism ilsell Lo be explaived, bui
we bave in the non-conservative charsetor of the Jopavese mind a
fuet that caunct be disregarded. 1 think tbe itroe explauntion is to
be found in the proeesses of natursl selection, which of course vary
with Lhe montsl habit of the race. The problem iz twolold. What
enuses, ol preseut in the East, led to the ascendeucy uof ciphering
over bead-counting in the Weet; and do these canses imply any
difforenca in the mentel attitndes of the peoples ? 1t is conveuient to
disenss theso questions under two bends,

First 1 ghall consider cﬁhlpurulih‘ul}f the systems of nmumerienl
pokation that have been lnvented amongel civilized [u!u-|1h,l||. pond Eleeny
proceed io compare the systeme of pumerntion or nomeneclalure of
nombers, I have ploced wotation first, wot becnuse of avy logieal
necessily, but beennse of its groaler simplicity. Speaking of course

Voursa] B. A. 8., vola. ziv, xv, xvi,
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precedes writing; but that bardly implies that nnmerical notation
neeesssrily suecesds number-naming. It is quite couceivalle that man
ghiould have indieated a nomber graplbieally or pictorvially before hLe
bad & name for it,. 'Wo often hear of the savage who eannot sesber
beyond two or three or five, which usually menns ibat Le has po
pames for numbers above that limit, Bot to infer that Le capnot
reckon beyoud that limit is gertainly illogieal. The remark made by
pative to Dr. Koelle,® at the time missiopary i Hierra Leowe, is
qaite to the point bhere, Dr. Koelle exprossod surprise that they sbould
be able to do in daily life with pumerals only to the limit of five, to
which ove replied ;:—** We can manage very well; for baving ecounted
five, we put it aside oo one henp and then begin another, und so ou,
ns many as we wank,' The same is foand amongst the natives of the
Now Huobrides, who eouub off by bondles of ten, and vse the same word
for forty as for four, making vp by gesture for Iack of language. And
o woment's thonght will show that we ourselves do exactly the same,
ouly that we give sames lo our bundles of ten, & result probably of the
development of writing, Notalion indoed Las quite cutstripped vomen-
clatore ; and nomenelatore itsell may ultimatoly dopend upon uetation,
used in ite widest sense of pictorial symbolising. To this point we
shall return later,

The graphic represectation of numbers may be trueed hislorieally
throogh four well-marked stages, whioh I sbinll eali for case of reference
the Pletorial, the Bymbolie {ineluding the Alplwbetic), the Decimal,
and the Cipler stages. These nnmes are not to be takew in too lileral a
sense ; and we must remember that in many classifications it is diffienlt
exnolly to draw the lives of demarcation between the elusses—ench
oue partakivg more or less of Lhe specin]l charneteristics of the others.
Thuos we heve Pictorial vnmerals ap to foar in the Romnn syslem, and
to three in the Chinese; but the Roman beloogs distinetly to the
Symbelic atage, and the Cliuese to the Decimal. In s loose sense
the term Decimnl applies te both Symbolic and Cipler syetems; bui
heve it is, for the sake of greater definileness, restricled to thoss systems
whieh bave a distinet symbol for ten nund repest it in the higher
numbera.

o * Journnl iE ﬁ.._H., vol. 3vi.
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It may be sitated at once that there are vo examples amongst
civilised untions of s purely Pietorisl Bystem. Iu the early Egyptian
Hieroglypliies, owe wos represented by m vertiesl or {more rarely)
bovigontal, line ; and by repetitions of this, the other wnmbers wers
figured up to sise. Buch o system, however, eonld hardly be earried
much forther wilbout givieg rise fo ecoufusion. Even the edphe { NI}
and wine (' ) wonld be apk to be wistaken for ench other ; and higher
combinstions of course still moro 2o, Also, as writing bocamé more
widely used, & neceszity arcse for shbriened proceeges. Hoenee, as a
vesult of the desire o save Litne and preventl misnnderstanding; a peenline
symbol for ¢en wans evolved, iu shinpe somewhni resembling o erdgnet
boop, This sywbol was then weed jn vbvious pictorial combinatious to
ropresent 20, 80, 40, ate., up to 90, With the nid of these two symbols
pnumberz np to 99 wers figaved. Higher numbers were representad
with the aid of ollier peculiar symbole for 100, 1000, 10,000. Thus
with only four Imlln[rit‘.lnrinl ¥y mhbols, which were PI':JI’IHI‘PE}" cvolved
from pictonial evmbivations, ile enrly Egyplians conld figers numbers
ap to 90000, In later inseriptions, however, the symbolie methods
gradoally ereep in,  Thes fire iz represented by a five-rayed star,
gix by tlie star sl o siroke, serem by the glar and two strokes.
This star may be mennt fo H}'Jnhu]iﬁﬂa npret:u',-nnt hand, or it may
Liave an aetronomicnl reforenee to the & planets which, with the son
and moon, formed the seven divine luminaries, Less obviong symbols
pppeat lator for serem, eipht and wige; and peeulinr forme nleo seem to
have been evolved for the varions tens.  Tomning now to the Cnueilform
ipseriptions, we meet with a syelem very similar in its bread outlines
to the enrly Egyplian Pictorial. Tle onmbers vp to nine ave represcoted
ench by the proper number of the simple wedge-shuped charaeler. Ten
ia s}mbuli.-u:i! by the nngle-ﬂlr.]'-rd ehnracter, twe of which give 20,
three B0, four 40, and five B0, Siwty, bowever, is represcnted by the
pame mimple character ag one, to which ten is added to make 70,
iwo tens to make 80, rnd g0 on. Amonget ile old Aceadizng this
mode of nomeralion was eontinned thronghout, vombers being writien,
and perhaps pamed, in ibe Sexapesimal seale. Thus the expresgion

MY 2,86,21
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mweand 3 x 60 = B0+ 86 x 60 + 21=0881. Amongst the Assyrians, agnin,
a distinet gymbol, eompounded of the vnit and & smell horizontal
wedge following, was used for a bundred, and a prefized ten gave the
thousand, For example the Assyrians would write the above number

(T -1Y

The Persians in their Coneiform inseriptions seem to hove banisbed «ll
truce of the sexpgesimal seale. Cartainly the subslifulion in whols or
in part of the denary for the sexogesimal scale marks an ndvance
towards simplification. For many purposes, however, this seemingly
awkward sexagesimal scale wug really econveniont; and nol only did
the Assyrians, and muoeh later the Alexandvian astrovomers, nse it in
ihe expression of fractions, but it survives to this day in the gradualion
of the cirele apd in the subdivisione of hours and minvies. lts
origin was probably astronomical. The Acendians seem to bave
ptlained n high eiviligstion, and there ie o donbt that in writing their
numbers they bad elearly grasped the idea of *‘place™ as piving
value to a sigu. The Assyrien modifieation i from ihis point of
view n relrogression, avd ol until we ¢ome to the cipler potalion
do we return to the sciontific metbod of the ancient and salmped
mythical Acondinns. These examples from the Hicroglyphie and Conei-
form modes of writing are for the lower pumbers strictly Pietorial.
For the expression of Lhe highor numbers, the necessity for the Sym-
balic soon srose; wlile in the most ancient of oll we bhave nol
merely the germ of * place-valne,” which is the peeunliar pride of
oar eipher gystemy, but the very thing itzelf.

In the old mathematienl treatises of the Chiners nnother system
of wotation, Iiu.'énly pictorinl, is mat wilh. This volnbion is extremely
enmbrous, and bas all the appearance of ];.mrihg been invented i the
first instance as m visund representabion of the Abacus eolumps. Tp
to five, the nnmbers are vepresented by the requisite vumber of vertieal
strokes s in the other pielorinl systems, Siris represented by a

| T-shinped characler, and the higher numbers op to ten by the obvious

sddition of verlical strokes below the Lorizontal line, s that etpht has
the nppearance of a set vf wickels at cricket, with a fourth wicket laid
neroee the tops instend of bails. Tem in fignred by a horizontal
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stroke, with n eirele or cipber at the right-bund end. The svccessive
“tecns " are oblaived by replsciog this eirele by ihe proper digit
gymbol. Twenty is two horizontal strokes, one above the other ; thirty,
three—nnd 80 on to sixty, which is a horizonial stroke with s vertiosl
drawn above it. Thos sizty is simply siz turned upeide down ; while
eleven in the same T-sbaped symbol turned on ite side. There ean
ba little doubt, I think, that ihis system, with its convention balween
the meaning of isolated wertienl and ieolated horizontel strokes, or
botween six and gixty, seven and seveniy, nud s op, grew ont of an
stlempl to depiet in =ome covvevient manper the indieations of the
Chinase: form of abueng, The huudreda are o n_'p{'liliu!.l l-impljr of Lhe
upils, the thousands of the tens, and so iu alteruntion—any blank
nbaeus rod being represented by the eircle or eipber. Thué ihe number
627,068 is fignrod
=4LOLTT

The conclusion that tlus is but an abacus prodect is borne ool strovgty
by two eonciderations, namaly, the particnlar mode of representing the
T, 8 8in ths tene, thonsande, hondreds of thovsands ﬂmmmi-l.l_n'm;
and the mauner of writing from left {o right, so incompatible with the
general tendency of Chinese writing. As will be seen lnter, this latier
pecolinrity will be addnecd ns evidenee thot the abacus was imported
into China from the wegt. The nee of the eirele in a limited efpher
wignificance is nlso of historie interest. There is no & priowd reason for
employing sueh a form of claracter to represent an empty rod on the
shacns, so that it is hordly possible that iwo distinet races shounld
bavo invented the ssme symbol. The probability rather is thai the
Chinese adopted this symbol from the Indians, smong whom, sectrding
o Bir E. C. Bayley's researchen, it developed from a symbolie form of
ten. It mppears then that the Chivese pictorin]l systemo is rather »
retrogression ihan a progression in the Listory of arithmetie, being n
enmbrong aud somewhat ehildish fiporing of the abaeus indientions.

"In some Chinese traatlses o cross or X-shoped charmeter ie used for * foor "—
& form of eharactor which ie met with io the DBnetrisan and other old Indian
numerals, whers il has exactly the sumes significance. This is another siroog
argumént {or the Indian origin of the Chiness arithmetic.
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Wo now pass to the symbolic stage, in whieh are ineloded many
widely diverso aystems, their only common fenture being the existence
of distinet symbols for 20, 80, 40 and so ou, The development of
tLese varivus symbols is eoéval with that of alphabels and syllabaries,
nud of civilisation peverslly. Nemly eil the alpbabets of the world
bnve been traced through the eariy Phewician to the final semi.alphs-
betie forms of the Egyplisn Hisroglyphies. Even the nomerocos
slplinkiets fonnd all over Central and SBonthern Asia and in tha Islands
of the Enstern Avehipalago, are believed to be descendnubs, throngh the
old Mugadhi e!plinbet of India, of the same great original. The numerals
huve eertninly followed w similar eourse. Already in the Accsdian
Coneiform and the Egyptian Hieroglyphies a few distinet symbols
have erept in, iuvented obvicusly to save time in writing., With the
growing need for mora rapid wrilivg, symbols econtivued to be
invented, or perlnps more sirictly, evolved from the origioal Pistorial
representation. Now there is wol the loast doubt that there ig & groat
evnpervitive momentom in the mind of man., Even in these days of
anlightenment aud progress, the intensely ]Jra.ci[l:-ul Briton spells as if
he knew not how lie spuke; and the philosophie German says there are
“thres hundred five and sixty " days in the vear! And the pame
mental babit of maw is shown in his nomber-writing. The Accadians,
by & wouderful genevalization, had grasped the iden of * plasa-value ™';
but the aystem was necessarily enmbrons with sirty instend of ten ag Lhe
volation nnit,  Their snccessors only partially took up the sexagesimal
votation ; and the idea of * place™ was quite lost sight of with the
introdoetion of the Decioal division of pumbers, The Egyplisns,
agnin, never seem lo bave atiained anythiog like the mathematical grasp
of the Aeeadians; and, a8 a necessily, they fouud their solntion of the
'Iu'uhlr:m_ how io write numbers, in a muH.[]J]i::ii._y of ﬁ}*lnlmlu. A
cousideraiion of tho Hieratic nomerals will show elearly the nalure of
what is here ealled the Bywbolie siage. i(Hse Plats 1.) Not only are
thiere distinet signs for the unils up to nipe, but the snecessive decades
and Lhundreds nre previded with peenlinr symbols alse. Bometimes one
of a series is clemly a modifleation of one of its predecessors, as for
example 30 of 10, BD of (0, and the successive hundreds, This indicates

ong wode by which man invented his numeriosl symbaols.  The vumerals
Vol xiv.—l
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of the Gupla Inseriptions and of the Maldive Islands, and the older
Devanagari aud the modern Cinghalese svsloms may be gronped, along
with & number of ancieat Indian systems, as of similar etruelore with
the Hieratie, Several infloenees were at work in the formation of these
symbolic systems, all of which seem traceable to the same vltimate
BOGICE. Gﬂc Tace won Ed. bl.,]l.'l'l..r'ﬂ' .E'I'H'Lll Illlllt.].:ur. [H.'I]'Illph h\kfug n ﬂ-}].'l.l]ml
and applyiog it to a different wewber. Or the symbols might bave
phonetie values and be strung together to form a word or phrase of
mnamonie value, Or the alphnbetie or syllabarie symbol might be
used whiel eorresponds to e fivst letler or sylinkle of the nume na
spoken ; as for example the Bomas C. and M. Wiih all these possible
modes at the dispossl of man, it is little wonder that in bis inventive
exubernnee he shonld bave cvolved eoech n mmltiplicity of symbols,
Whataver symbol became popnlar did so by a kiod of natoral selestion.
In making thia selection, howover, the hereditary tendeney of man's
mind was an imporlaot fector, swud e priuciple of conservalive
momentum would certainly make itsell felt, so that development would
take place along the lines alrendy Inid down, At the pame time, it
wonld ell be by way of shoplifieation. To use ivitial letters whan
possible was & very obvious method, which we meet with io Lhe L‘ll.rlj'
Grock and in the Etbiopie systems. From sueb o gystem would spring
very naturally the idea of using bhe alplnbel for the snccessive numbers—
indeed there may bave beem a kind of muotunl adjostment of the
oumeral serien and the alpbabet aeries. In this way the Hebrew and
laler Greek uonmerala became formed, nad 1.-I]|url|.||1ha]r|,-l‘|¢'. EyEteme, snel
an the Georginn, Armevian, and older Turkish und Arvabic. The Grecks
borrowed Lheir system from a people with a similar but faller alphkabet,
as is shown by tho fact that they had to throw in n specinl von-nipbabelia
eymbal for six. Their special symbols for %0 and 000 weore probebly
Inter introdeetions, to eke ont the sharactera to lhe necossary twenty-
seven, The Roman syslem, which is largely symbolie, is loo will
known to require zpecial meution. Now of all ibese symbolie sysbome
of wameorels, the Greek alove wns eapable of being need for enlenlntion,
The thonsands were the units repeated with n saffixed ** dosk **; baot the
enlealator eould omit the * dasl: ™ withoat feanr of eonfusion. For the
expression of Ligher unmbers, celad and feirad cowbinalious were
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employed, mueh a8 we nowadnys tick off our large numbers in gronps
of threes, Here the Greek exme in coutact with the priveiple of * plase-
value,” but was glill far beliind the ancient Aceadinn.

The defect of the symbolic systems for ealeulating purposes was
not, however, felt by their users; for they had the Abacus and like
imatroments, which were sufficient for (heir nesds., The earlicet form
of nbaous was & simple board covered with fine sand or dust. This
surfacs waa ruled into eclumna, which served for the different numerieal
denominations, the anile, the tens, the hondreds, ete. In the columns
thns made the nnmbera were marked by strokes or eymbaols, Laiterly
the sand was dispensed with, avd pebbles { eafewdi ) or counters weore nsed
on beards ruled into pormuent eolomps.  In another form, the eonnters
were placed on lines ns we place onr “men ™ in backgammon. Biiil
another form was the eombination of rods and beads familiar to ua all in
the specizl modifization of it callod the soreban. If we conld pass back
to pre-abneus days, we sbhoold probably find oor ancestors eounting
by bundies of tan or bwenty, ns savage races do mow. From this mode
of reckoning, the table of coluvins or abasus would be & very natnral
development. It has been alrendy pointed ont that the abaens has all
the marks of groat antiquity, so that ite evolution is ‘probably codval
with that of the pumerals. Each nomeral was essentially » shorthand
expregaion for the idea or the name, and wns a eoneoption distinet frem
that of calenlntion. Henee it is litlle wonder that the oumerals and
abnens developed along perfectly distinet lines; and long befors the
pumerals had passed from their symbelic stage amongst the eorly
Indigns or later Greeks, the abacos had attained its highest perfection.
On the abreus the * place-value™ of number was recogniced—indeed
eonld not be misbaken; and yet, if wo except the Greok potalion of
tetrads nnd the cambrous Chiness pictorial symbole, notling correspond-
ing to thig had been evalved in pumersls, In fuckt, so fﬁr, nnmaorals
were nsed as ideogeaphs, nol as arithmatical aymbaols,

The shacos may have had sn inflnencs io acceleratiog ihe transition
to the next stnge—a trnneition which seems to have taken place in Indis
and iu Chiun only. "This stage, which I have eallod the Deecimal, is marked
]1_].-' the elimivation of the Hpcﬂ'ul ﬁj'mhﬂllr] of 20, 80, 40, ote., ap to B, whieh
are heneoforth wriltan az ** two-tan,"" *“ thres-ton,”” foor-ten,"” and =20 on.
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The Chinese numerals give & very perfeel example of the system,
which ia also foond amongst the Tamils. They are sbown in Plate
L' By whatever means aod through whatover intermediate forme
this great simplification was made, it siguified o frmer grasp al-
together of the nature of nombers. Tle symbol ten, in fuet, is used in
n pew and quilu eonvantional ﬁgniﬂrsbﬁnn in these combinstions, For
szample compare the 4 = (18) and = + (80). The former means ten
(aud) three, the Intier thres ten's, or ten three-d. In fact, in =<4 the
4+ bocomes s denominaticn rathor than a nember, The sonvention
then for differentinting 4 in its two meanivgs is as bllows: Whea 4
follows o nnmber il is Lo be repented thint pumber of times ; bal when it
precedes a nomber that number is to be added. Sach a symbol as + 4
eould mean oither tmo fens (procisely as in the original pietorial method)
or ten ten-ned, that s, 100. Tha Decimal method, bowover, stope
here, and introduces a distivet symbol for 100 (pamely T), another for
1000, and so on.  We shall give bhere the snecessive Chinese symbols,
with the modern Japanese pronunciation of their names as being more
familiar 1o onr rondera than the arigioal Chinose proouveiation.

i) hyaks —— 100 or 100
¥ Y == 100K o 17
k3 i = 10,30 or 10

The nexi threo stages in powers of ten nre ealled F&-wam, hywku-
s, sen-mian, and are go written. Thereaftor the mew symbols go by
aseents of 10,000.*  They are as foliows :

a ok (107 | % B (10m)
ik cha {10°%) = han {107
i keyd 110 iE itk i10r%)
- il i10™) W BTE i10M)
i whi (10™) 1 Reipueems { 10y
# je (10%]

4 The Clhinese symbols are of course writien vartically, but for convenienss in
tha toxt we slisll write them from left to right. ’
#8noh, at least, is the costom wmongat the sivented Japanoss of the present

era. The usual dictionary mesalogs of oki and chi are not the same as those given
ligre ; indead the words soem to bave bern aseld more or less vagnely in former
timen in moech the eams way n Enropeaus use billion, teillion, ete. One rulhority
givex three modes of progresaion ; numely, aseent by fens, aacent by ten-thousamds,
ancent by suceersive squarings. The tarms abore ohil are rarsly nwed.



ENOTT ! THE ABACTSE, 1N ITS ISTORIO AND BCIENTIFIC ABPECTE. 29

There are also terms for the decimal places as far as the 12k,
These are:

& Biun 100t 4 Sen 1071
i Rin 107 i d Sha i0*
& Mo 10-® ] Jin 10
2 Shi 10 oA Ai 10
2 Rotsu 1 & Fiyd 10
i Bi 10 it Baku 10

The ideographs for these words have wany of them vory sugpestive
moanings. 'Thus the ebarnetor for Sew means silk throad; for Shka,
sand ; for Jin and 4i, emall dost ; for Byé and Bakw, hazy, cloudless
nspeet of the sky., Ixeepting the first three, however, which are
common, theee terms are rarely wsed outeide the covers of o mathe-
matieal treatiso.

The Tamil and Malayalam numerals follow closely the same sourse,
and ths process bas to a ¢erlain extent appeared in the Cinghalese
system, which may bherefore be regarded as marking a stage during the
simplification from the symbolic.

The peenlinritics which distingnish ilbe Decimnl from our own
Cipher or Iudian system are apparent from the following comparative
tables :

Uhinese _ m + $ $

|43
L:+zmnf

Tudinn 1 | 4 | 10 14 a0 | 41 | 441

The trameitiou from the Decimal or Chinese system to the Cipler
gystem is such an obvions ene, especinlly with the Abaens colnmns in
full view and in daily nse, that onr eurprige is, not that the Indians of
pome 2,000 yenrs ago should Liave made the slep, bot that the Chinesa
or Jupnnese shonld not. Here are twe bighly iotelligent races pos-
eceged of o eonvenicut arithmometre and of a systom of nnmber-writing
which ean bo ecalled a volation, apd wbich in some respects ap-
proximates to the visual represeviation oo their instroment. The one
race brings the polaticn and Alacus info perfect necord, aud beging the
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era of trne science; the olber makes no sadvanee whatover, and even
gcorne to aceopt the perfected system, with whick it Las been face to
faco for centurice. It mny be said, as M. Woepeke® said of the Greek
mathematicians, that with fhe Abnens in band, the Chinese and
Japauese did not feel the want of s Cipher syslem. Bot if the theory
is trng that oor Cipler syslem passed Llhrongh the Decimal slage
amonget A people who used the Abacns in & form exactly similar ko the
Chinese instroment, the argument censes to bave any great point.
Woepeka's remark was made in hie rather Isboured attempt Lo explain
wly wvor nomerals, given to ue by the Arabs, who got them from
the Indians, were nol exnetly the same as those used by the Arnbs.
A glauce at the verions Cipher aystoms fignred on the Plate 1L will
ghow what wariety of form has existed nnd still does exist amomgat
the nipe digite, FEilher, then, the wystem grew op simulianeonsly in
different districts which used their own peenliar modifientions of the
onit figures; or, the principle alone spread. Bir E. Clive Bayley has
given good reason for the belief that the oipker is & modified fem; and
as the circle and the det are the only eymbole in nee as a cipher,
bowever mueh the other figures may vary, it seems probable that the
Cipher system was really developed in ove district,

It is the cipher or 2éro which gives the system its peenliar power.
Both words are from the same Arabie origin (sifr), which is simply

e

the translation of the Banskrit word * ennya,” which means empliness.
This in fact was one of the pames applied to the emply column or
rod on ibe Abacus, and mesnt mersly n eondition or state, The
Clinese similarly uwse the word Ling { %), prooounced Fei by the

Japunese.!  When a Jepavese ie rending out s series of numbers

€Jourual Asiatiqoe, Scriea 8, Tom L

1The primary meaning of 2 Is *the last drope of & ehower,” or ‘alow rain,’
henee generslly ° romainder,” © residoom,' ¢ frection, ete. The meaning of
igera" is geoerally supposed to como frown tkese, as being of the natare of &
degenerate number, something o amall wa to be valoelese, Bucl an asympiotie
derivation, aa it might bo called, seeme almost too muthemation] te be sntinfaslory.
I ehoald sugmest an Abacus derivetion as being ai least ws placeible. Thal is,
just g2 cur cipher amd zere con be fraced buck fo the Aralie sifr which was
applied to the * ompty™ abacus rod or evlnmn; so may the Chinese 5 have
peen applied to the abacus rod from wlich the iask connier had bein made to
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to tha Sorobaw worker, be inserts the »ref whore no signifiesnt
figuros veeur, Thus ivstead of eayiug simply sem sen go (8005}, as he
wonld in utr-lilml'}' m-m‘m-kall:m, he veads sar aen el rei Lo Furtnerl:,r
tire pura Japanese word tonde (skipping) wae used for the snme purpose.
The symbol { O ) representing rei in mathomatical works hos been
already referred to. In these days it is ueed in bauk-notes and bank-
bioks, exactly as our eipher is, for spacing ont the numbers, the
symbola j&, hyake, aemn, man beibg omilled. Tt pever has been nsed,
Liowever, as a cipher of caleulation; and if boars the evidence, ns
alreudy pointed oui, of beiug originally an importation from the west
inte China.

Taking lhe Chinese numersls ns the type of tle Decimal Biage,
and our own namersls o represent the Abacus eolumns, wa ||1Eg]|'|.
imagive the developmeut lo the ecipher stuge ns taking place in this
wise, Up lo ndne, both Abrons and nomerals are in sccord. At
ten, however, the pext rod of the Abacos is brought into requisition,
£0 Lhat ten is represented by a combination of a one and a vodd, which
bas wo similarity to the single symbol 4. Up to vinetesn, however,
there is similarily, the 4 of 4 & beivg comparable to the 1 and ihe
A correaponding to the © on the two contiguous abacus rods. The
decade numbers = 4+, =, ® 4, ele., correspond vory well wikh
the Abpeus indieations 20, 80, 40, ete., where now of eourss tho + ia
eomparable bo the emply spaee. The similarity somewhat breaks down
al =4 — (21); bot the approximate eimilarity would suggest
dropping the 4 Lero and writing = =—* By this simplifieation, which
econld lead to no confosion, the 4 only appears in the twenty, thirty,
ete,, sinee there it iz required to denomiunate the two, three, ete. But
cunsistency would sugpest to write — 4 for femn or one-ten, exactly

#drop,” The arpumenta in favonr of this derivation are these: the term io ibs
gero kigmifisanee ik originglly arithmetical ; arithmetic was {ormerly Inseparable
from ihe abacas; and we have in oar own efpher an analogons derivation.

* This fo lwet is done by the Japanese in marking their counters i U gamo
of go (B ), the 4 being dropped to aave room; mo that $4, 68 are wrillen é
f{. The same system of conlraction is not continwed o the bundreds, Lowever,

o modified symbel { ¢F ) for Hyakm being introdaced. Postage stamps and ooios
are aimilarly marked.



a2 KMOTT | THE ABRACUS, IN 1TS HISTORIC AND BOIRKTIFIC ABPROTS,

mg =2 4 siands for two-ten ; and the **ieeng” would then stand a good
ehanes of being treated like the twentys and thirtys. This mode of
writing aud sayiug ten is indeed mol with in Japanese literatare. Thus
everyiliing wonld eomo into necord with the Abacns representation,
and ihe wymbol + appenring ovly as n donomination wonld cesse to
bo enlled ten and bo vawed anow by the Abaeng name for emply space,
The extension of ihe wystem o bigher vambers wod the vavisbing for-
over uf aymbols fur the succossive powers of len wonld be an obvious
improvemcut. lu some such wommer then—and Siv E. Clive Bayley
lns givan Listorieal ovidenes in support of the theory—did the Docimal
pass iule tho Cipher Btage of oumbering, The aatural tendevey of the
hamwan mind to simplificalion, aided al the right womant by tbe indioa-
tious of the Abmens, produced from a chnos of symbels s numerieal
system which has determined more than avy other one thing the riee
and progress of mathemationl seionce. In the history of Arithmelic
the ouly event whieh is at all worlly to be eompared with the intro-
dustion of the eipber is the diseovery of Logarithms,

The spread of the Cipler sysiem iuto Europe ia ilself an event of
doep historienl importance. Of nll other systemr of numbering, the
Groek alone possssred any floxibility as a mediom for ealenlation : bat
its operations were no donbi largely aided by Mhe Absens. The Bexa-
geaimnl wodifieation, perpelunted if mol ivtrodveed by Piolemy and
the Alexaundrian Sehool, was a signifieant improvement apd espocially
available for astrouomisal calenlations, Bines in thia Sezagesimal
rvetems £ (60) was the last symbol needed, tha next symheol, ¢, bas
been supposed by have boen ihe origin of our cipher. The :‘;W—P}'u]l*
goreans ecreinly used soch & symbol and used it in & partind cipher
siguifieation ; but there ie vo evidenee that they knew of the deeimal
eipher provions to the Tth or Bth eentary, Whereas there is avidenoa
im the writings ol Aryabliata (360 A, .}y that tha Indinns knew the
]_1T'H'I-ri':'-]:1 of ™ lrn[nn nlue " and ased the rero af that lime®

The queslion wo have now before we is: What canses prevented
the development of m Cipher system in China or Japun? A partial
explanation way be found in the mode of writing. The Chinese wrila
in verltieal eolumans from above dewnwards; and if lhey ever are

*Bee Bir E. Clive Bayloy's Second Paper for » fall discassion of this point.
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compelled to write in a horizontal line they work from right to left. Now
tbe Abaens is worked from left to right, a fact whichi tends to prove
itll'-;i].l!l]l.!l."}" that the Abacus is not indigenons to China. The similarity
between the oumerals se wrilten and the Absens indieations of
the pame would not be so striking to the Chineman as to the Aryew or
Homile, sineo these wrote im horizontal lines. Now so far as ovidence
gues, our pametnl systems sll paraed to the raees of Aryan origin through
the Bemitfe paoples, who generally wrote from right to left. As will be
goet in the subsequent part of the present paper, the Semite named
his wnmbers by begioping with the anit or smalleet demomioation,
Thos in Arabie it is five aud iwenty and ona hondred, mstond of one
lunudred aud twenty-five. Bot in writiog down a wumber be would
write it s Lbe named it ; and as ha both, so lo speak, wrole and named
Luckwards, the result would appear as it is on the Abacus, 125, Now
the early Indinn spoke like the Arab, but wrote from left to right ; while
tho Chinese always spoke ag we do now but tended to write from right
to left. Henee if the Abacus Lad been an Indian or Chinese invention,
the eolonmns wonld prirl::nhl}' bave gone the reverse way, with the nnila
to the left, 2o that oue hundred and twenly-five would have appeared as
621, This argument of course canvot be urged in the face of evidence
to the contrary ; for we know that in aneient days both modes of writing
were in uge by the same peopie.  In some inseriptions indeed the writer
ling turned backward along the next line, plonghman-like. 8Lill as the
Clinese write in vertical columne, so the Bemitic pecples generally write
frorp right to left and the Aryan from lefi to right. Hence, unless there
ware definite evidence to the eontrary, we shonld be inclined to regard the
Absens a8 not lwh:g ]11"in1nr!'|}r an Aryan invention, bnt more prnhahly
introdneed to the Aryan races throngh the Bemitia peoples.  And this in
itself is nob improbable, ivasmueh as the Semites were the great com-
mercinl peoples of the ancient world, There is one consideration which
provents us regarding it as a Semitie Invention, namely, the lack of the
inventive fuenlty in the HSemitic mind. And yel gueh a nataral develop-
ment of the uat]}' ﬂlri._f_r!r exercises as the Abacus is, might well lead o ita
juvenlion even by o much less civilised community, In any case, we
mwust regard the rise of commerce ns an imporiapi influonce in the

evolution of all forms of ealenlating boards.
Vol xfv.—3
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This diversity in the moede of writing and mode of placing on the
Abseng & givem number is hardly o satisfactory cxplanation of the
persistency of the instrument amongst the Chiness; for the Tamils,
who wrile from left to right and who bave lived in elose contact with
cipher-neing peoples, wee to this day a system of pumerals exaclly
similar to the Chipese. Ii remains to enquire as o the exisience of
epme mental or linguistie peenlinrity possessed by the Tamils and
Chinesa and not possessed by Aryan races. In other words—for we
all believe in the doctrine of the survival of the filtcsl—are Lhere sny
linguistic or mental peculinritics which wny moke the Abacus maore
officient, that ia, more rapid and more certain, ihan ciphering ?

There is not tho lesst doubt that ns used by the Jupanesa the
Abnens ia for ordipary arithmetioal operations more efficient than
fguring. This efficiency I think is traceable to lleir peculiarly
suitable mode of numeration or wumber-naming. At firsh aight, many
wounld bo inclined to think there was no essentinl difference between
the Japanose or Chinese vumerntion system and our own. Bat a
clogar study reveals fo ug a very strikivg diference indead, whieh it iz
now our olject to disenas, '

The quesiion of the pomenelature or pamipg of numbers opens np
another eud quito distinet line of enquiry; end Comparative Numera-
tion, as it might be ealled, may lead to & elenrer vederstanding of the
historie bearing of ike Abaens, Hore we come fuee to faee with one
of the deepest problems of ]J]Lilnlugj.', the nrigi.;u. of the pamer of
nombers. Bo far as regards the Aryon f(umily of languages, some
swall advence seems to have been made townrds ihe solution of this
problem. Thos ** three ' has bean conneeted with the rool meaning to
pass sver ; “eeven” with the root meaning to follow ; * uine ' with the
Banskrit pronominal bass meaning meee,  That is, to quote Bayee, ilirea
is named from ils excoss, seven Irom its lollowing the foregoing numbears,
while nine is the new number. The naming of three from ila excess
has reeccived nn ingendns cxplanation by Dr. Koelle,® who eonnoets
it with the leogth of the middie finger. Reckoning with the aid of

®0n the origin of e Torkiah Nomerals, Journal B, A, 8., zvi {1884).
0 The genceal theory that the names of the nomernls in all languages are
connected with the peenlinrities of the hand is as highly probable as it iz diffienlt
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the fingers iz of course the moslunatoral of all methods and is the
pource of our wide-spread decimal systom, In some savage tribes of
ihe present day the very uamos used for five and ten signify * oma
band ** and *two bands ;" and this metaphorical way of speaking is
garricd on by means of the toes, so that twenty is ealied ** ome man."
Using the toes as well as the fingers geems to have been quite a

of prool. Tho simple finger-theory, as it might be termed, alibough it may hold
for rome few tongues, in gemernl breaks down very early in the saries of nombers.
Before any such theory asn be profitubly discussed, it fa necessary 1o know the
natursl erdor in whish & given race aees tho Bngors ia counting. Thal conxiderable
diversity exists amongst peoples in this respeet may ba shown by the following
exnmples. A Eoropeun, in ** telling ™ off his fingers nomerieally, wocld probably
begin with the thumb of his left bhand, marking each finger in swocession by
contact with the fore-finger of his right hand. Hs might then pass to his right
hand to compleia the tem, or simply repeat the oporstion on tho loff hand. An
English school girl, whe msually counts by a kind of five-fingered exercise on the
tuble or desk besido her, first raises the hand alighily above the surface and
then, beginning with the liktle finger, bringas down sach fnger-kip in smooession
aatil § is connted, after wlich & frech slart is mude with the little foger. Thos
{ha middla finger always means 3 or 8, the fore-finger 4 and 2, and so on. Tho
North American Indisos always begio with the little finger of the left band and
finieh with the litile Gnger of the right baod. According to D, Koalle, the Turks and
the inbobitants of Western Africa begin, like the Rorth American Indianes, with the
little Anger of the leff hand, but, uolike {hem, end with the thumb of the right hand,
Tha Japanese, again, uee vnly one hand after & fashion which seeins to be peculiar
totliern. Beginning with the el hand oped, they torn the thamb in towards the
palin to represent one, bring down the fore-floger owver it for fwo, axd 20 on In
ueceasion fill dre is reached with the olosed fist. For rir, the litile finger ia
raised apzin, and one by one ibe precediog operation is andone il koo is reached
with the opem band, Thue the litile Enger up alooe means cliber 4 or §; up
along with iis fellow, B oxr 7; sll the four fngers up, 1 or 9. The Japanese hoave
alse several peculisr methods of sllent bargelving, In whick the buyer and seller
grip each otheér’s hands. In oneof the modt eommon of thess, the price is m-
dicated by the number of Sngers grasped, the little Aoger meaning one, ths thumb
alonp meaning five, Thus three in indiested by i litihe, ring, and middle Angers ;
#ight by tha thumb, fore, middle and ring fingers. Ten may bo ahown by grasp-
ing the second joint omly of the thumb. The vature of the bargein soficiently
determines the money unit employed, or the possible renge of the bargaining.
1t it in necessary to indicato two deneminations of money, the higher ia scparnied
from the lower by a grasping of the wrist,
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favourite mode of vomeration, as is evidenced by fhe existevce of
nomerntions which ascend by twenty :—the odd deeades (thirty, fifty,
éto.) being words componnded of ten and the preceding deends. This
method is found smougst tribes of the Caneasoe and Hindn Khosh, and
in sueh widely sealtered communities as the Basque, the Ainn, and the
Moxican, The Frepeh usmes sovranie-die, quatve-vingt, gratre-vingt-
dir, which have nearly displaced the regularly formed septanis, votante,
nonanle still wsed in Bwitzerland and in the Bouth of Franee, ara
perbaps & revival in spirit of the same method lingering throngh
centuries, The tendency shown insome languages to group nambers in
fours and sixes is not so easily explaived, though the four-fold method
may probably be referred to the fingers, as distinguished from ithe
thomb., The grouping in sixesa snd iwelves again, I believe to spring
parily from the sacrednces of the nnmber three, which has ita origin far
back in the days of the dawn of reason. Everylhing tends to show
that, ne man developed socislly, dwality, as a qualily to be expressed
by language, preceded plurality ; aud the co-exislence of doal and plural
inflexionz mwarks a etape in the growth of the humnn wiod which the
higher races of the prescot day buve far outstripped. It is in peoples
of low inlellectual power that wo find a fulness of explicitly expressed
meaning that is uonecessary iu the race of bigher mental grip. The
probability is then tbat the naming of the oumber fwo long precoded
the npming of three, which, as in low savage races of historie times,
would originally be eyvouymous with mavy. Henes the passing lo
three us a distivet conception would be a great stride in Lhe mental
progress of man, snd might well perpotoate feelf in a kind of supersii-
tions reverence, especially in the presence of the three great vatural
divisions of sens, earth, and sky. Thon agrin io carly man, when
writing wig unknown, the nse of n number which eonld be halved and
i fhirded " and quartercd woulid ba very I]II.I.'IJI':-].I—l:JLJ‘lr' too eatoral indeed
ng we kpow fo onr mental eonfasion wow. I woas this Ll.pphlﬂlh
simplicity, real then of course, whiel resulted in the evolatiou of ounr
complex Eurcpean tnbles of weights nod mensares. And the existence
of snch complieations is, 1 thivk, a proof by the way, that the Abaens,
with its strongly marked decitual ebaracter, vever attained in Envope
anylhing like the fexibility in caleulation which it bas atlained im the
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Hnst, In awy case, however, the popalarity of twelve ss a basis for
reckoning may be reasounsbly traced to its possessivg many simple
gubmultiples, nod thres smongst otbers.  Duoodecimal scales of
numeration have been found smongst savage peoples, notwithstendiong
Lheir ten fingers ; and we may tmfel;-' negert, that had man lurﬁ:ieamd
six flugers, the decimal seale would vever Lave been mentioved outside
wathamalical trealises,

After nll, however, * tem "' has been tha favourite numersiion nnit ;
g0 much so indeed that such numbers me eight avd nine bave been
sometimes namad in tevme of it by a bnckward process very similar to the
manner in which the Romans write TX for 9, XL for 40, and eo on,
Thos, nmougst the Druvidian peoplos, nime iz vasvally expressed ne
one-ten ; and o Fionish aod some related Inngunmes eight is expressed
ag two-ten, The snme method in quite neual in the bigher deeades evan
wmong Aryan peoples, as for example in the Lalin duo-de-viginti, wn-de-
viginti.

Passing now to the second decade of unmbers, we notice that thesa
bave slmost uoiversnlly been pamed by’ combiving or modifyiog the
names of tha fivat ten. Thus the derivation of the Euglish eleven and
Freneh onze is simply one-ten, and of the English twenty and Freneh
vitgt, two-tens, Twelva aud twenty indeed have the same derivation,
just na the very obvious Japnoese ;i wi and ni jd.  In some Innguagea
“tweuiy ' is o distivet word liaving we sapparent philelogieal relation.
ship to ten ; and i Turkish, invenlion of teyms is earried op to fifty,
sfaty being the frst deende nomber which benrs slr on its face. This 1
't'r!,;n:-:i s ahuwitrg that the Tarks I.IU."H:.‘HH-L‘.{!. cuhlp:l.l‘u.t:\'lrh' foahle powers
of genernlization, as being in fact & race mentally inferior in this respect
to the Semitic peoples.  En cnses, however, in which the name of the
gnecessive deendes were formed from the lower mumbers, it wag nob
nlways as in the Aryan and Chinese lsngoages, The Hebrew twenty"'
was Lhe lr]lll'ﬂ.]1 ujigihh“}' e dunl, for *temn': and lhe BLII,'I!HLJ.IJi|]H
decade pames up to a houdred were the plurals of the corresponding
digits, threes, fonrs, fives, elbo,

Genernily, and especially in the inflexional lnngnages, the pringiple
whiels |1'||ih-|ug.j[i-|t>l eall Phonelie Decay has been very hllﬂ_',l' with the
mames of the higher paomerals. This is shown especially in our own



40 ENOTT . THE ABACUS, IN ITE RINTORLO AND BOIENTIFIC ASFEOTE,

cilled # three (and) twenty,”" five iaund) nixtf;" and in Englip]] this
combination is often still cmployed 1o couversation. The ivfluence of
the notation Lbing howoever compelled the more practical time-saving mind
of the Briton to shuke himself free of the old method in naming numbers
above tweuly; bat Lereditery Labit is oo sirong to allow bim lo alter
Liz * teeus."” The Romance languages lurgely follow their common
soarce, which as we all kuow Lad latlerly at nll eveuls * teorouty-Lhree,
pixty-five,” ete, The Greeks ned Lotive indecd, seem, like ourselves, to
Lave adjusted their nomeseclatore in the Ligher decades to suit the direct
way of rending the iuverse nolation borrowed from the East. The
Souekrit, bowever, vesisled thia barmonisivg all throagh even up to the
highest nnmed puwbers. Thns 825 is vamed, * Five and twenly and
three buudred,” cxaelly as in Arvabie and in Early Hebrew. Heneo
Hindustani, one of the modern ropresentatives of Sanskrit, which oses a
modificalion of the Arabic iu writivg, is thorouglly cousistent in nolalion
and nomenelatare ; but all the other Gaurinn langaages of India are
Rﬁ}'ing one ‘th'mg nnd writ.ing angther, Il we n:m:,r_juﬂj.:e from the M.r]}r
Banskrit writings on mathematies, the Abacos indieations seem
to bLave bLeen vend backwards, a most on-Aryan like procedure, and
strongly suggestive of the remark made sbove, Lhat tha Abacns was
borrowed by them from some wneighbouring peoples. In the Kellie
group of lavgmages the same meihod of number-naming i adopied all
throngh the decades; and in Welsh, Gaelic and Irish, the process is
complieated by insertiog ke pooaun iu the middle of the number. Thus
eighteen mev, twenty-six sheep, are expressed * eight men len,” ** six
sheap (aud) tweuty.” Iu fuet the older the dialect, or the loss influenced
it bas beom by eoutact with wow-Aryan peoples, ihe more elonrly
marked is the inverse mode of nemivg pumbers smoug the Aryans sod
in almost

the wethod bins survived in the expression of the ** teens®
all languages down to the preseut day.

Now Clivese and Jupancse ™ are as direct as they can be in heir
vumber-naming, passing ivvariably from the general to the special,
from the larger to the smaller. This fact, whish I believe affords the
explanaiion we are in search of, ai once suggesled to me the advis-

15 This sialement applies to the origine! Japanese numerals as well to those
of Chiness origin,
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ability of searching other langunges for their systems of mumeration,
Nomerals are ench an mmportant element in all philologieal researeh,
that this might seem at Arst sighl a very simple operation. Buai hero
in Japan, where there is no library for general reference, I have found
it no enay mabter; and very frequently the list of numerals obtained
junst skipped from ten to twenty, nz if the intermediate ones wers of no
account. Thne, in the long list of Torasdan numerals given at the end
of Brusen’s Philosophy of Universal Higtory, comparatively few bave
the vames for 11 and 12; bence for mneh of the information obiained
I huve to thaok my lingoistic friends in Tdkyd, and cepecinlly the
Viee President and the Corresponding Secrbtary of the Boeiety for the
tronble they bave taken in forreting ont the facts reguired.

The general fasta of the investigation are these: The Aryan and
Hemitie peoples, almost withoal exceplion, name the smaller ommber
fivet,—thirteen, fonrteen, aud g0 om. The Tral-Altaie, the Dravidiam,
tho Tibeto-Borman and the Chinese peoples, with as rare exeeptions,
naroe the larger number first,—ten-thres, ton-four, ete. The following
iwo lists give all the languages that have heen investigatoed, with the
exeeptions added,

{. Inverse Method r—Smaller component first,—Aryan Languages ;
Assyro-Babylovian, Babean, Hebrew, Byrine, Arabie, nnd probably Be-
mitie gonerally ; Shina (Hindo Khush tribe); Ainn; Malay, Malagasi ;
Yoruba; Apache, Navajo; Mayn {Anciont Mexiean).

Exeeptions :—Modern Greek, Rovmanian, Ethiopie,

II. Direct Method :—FLarger componest first,—Chinese ; Korean ;
Japavese, Manehu, Bamoied, Torke-Tetlar, and Siberian gepernlly,
Magyny; PBurmese, Tibetam, Lepeha, SBingpho, Changlo, Mikir, Miri,
Hunfiwari, Dophla, Naga, Bhendn; Biamese, Minutzi; Avdr; Dravidian
lingnages, Tamil, ete.; Kolarian langnages, Ho, Savara, ete.; Alarodian
langnapges, Lezinn, ele.; Nubian dialeets; Vei; Hotteutol ; Hausa;
Coptie; Basgne; dislects of Hindn Khosh tribes, Khowar, ete.; and
many lapguages of the North American Indians.

Broadly then we mny eny thai, exeepting the grent Ayran and
Bemitic families, the Malay gronp, snd some of the langnages of Central
Amevien, New Mexico and Western Afrien, all mavkind tend to

numerate in what wa have ealled the Direot method.
Vil XAV
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good lasteation of tbe priveiple. It may be, then, that ihe Inverse
mode of naming compound numbore betokens a stronger individuality,
» more propowpced dolermination on the speaker’s part to be under-
stood, bot that it bas in large measure been replaced by the direet
mode under the powerful influence of & borrowed notation,

Bosaiany axp CoNcrusion,

The Abacus, as nsed i China and Japan, bears, ou the very faee
of i, evidence of w foreign origin, The vumbers are set dewn on il
with the larger denomination o the left, a resull which could eome fvom
s people either speaking aud writing inversoly, or spesking and writing
directly, Historieally, the bome of the Abscus is in India ; but it conld
hardly have been invented by ihe Aryan Indians, who wrote directly and
gpoke inversely, The probability is they borrowed it from Semitie
peoples, who were the traders of the sveient world; and lhese may
bhave invented i, or, as is perbaps more probabls, received it from
s diroct-speaking, direct-wriling race, such as we koow the highly
coltured Aceadians to have been,

In early times the Aboeos, as being an evolution from the natnral
Abacus—the Lumau band-—porsoed & course of developmant entirely
different from that of the graphic represeniation of numbera. This
lalter wo can Llrnce through four stages,-—the Piolerinl, the Symbolie,
the Decimal aod the Cipher. The Fictorial we find in the Egypiian
bisroglyphies, the Acesdian Coveiform, and the techuical Chivese of
matbematical treatises; ihe Symbolic in the numerons metbods whick
grew up with the development of alpbabets and syllabaries; and the
Deecimal in the simplifioations of theee, which live to-day in the Chinese
snd Tamilie systems. Ounee the Decimal stage wos ronched, its general
similarity to the Absens indications soggestod bringing them into still
eluser sorrospondences.

This advense seems to bave lakem place mmongst the Aryan
Indiane, who nlong with the Aryans of the West very evon discarded
the Abseus for the more convemient Cipher notstion. With the
Chinese, Tamils and Malayalams of SBouth Iudis, no ndvance wos mads
io this direetion; the reason being simply that the Abnens betler amiled
their ouwnerativn, These peoples spenk directly, so that thelr no-
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menclatore fits in perfeelly with the Abacue indiestions, and makes ils
wavipulation more repid sud eerfain than ecaleulation by cipbering,
An Aryan Indian with his inverse speaking conld never work the
Abacns with the same faeilily as a Japanese nnless ha worked from
right to left—a mode of procedure quits fureign to his nabore. Iiis
not so foreign to Chinese and Japanese, however, to work from left to
right, as each individual eharncler is formed in this way. It may be
sifoly concluded that only amougst a people who used the direct mode
of naming pnmbers, or who with the inverse mode of poming preferred
the iuverss mode of manipulating, sonld the Abacus in the form in whih
it was evolvad ever attain the bennty of action of the Japanese Soroban,
To the discussion of itg peculinr merils we now proceed. Wa shall
employ throughoot the Japauness oame, whiclh it should be noled is
simply & misprononiestion of the Chinese pnme—Swanpan.

PART II.—THE BCIENTIFIC ASPECT.

The Boroban may be defived as an arrangement of movable beads,
whick slip alovg fixed rods aud iudieate by their coufiguration somo
definite vumerical quentity. Iis most familiar form e we follows, A
glallow roctapgular box or [ramework is divided lougitudinally by a
uarrow ridge into two compariments, of which oune 18 roughly seme
three or four times larger thau the olber, Cylindrieal rods placed at
equal intervals apart pass throngh the ridge near its npper edge, and are
fixeud fireely fulo the bounding sides of the framework. Ou these rods
the couuters are ° bended.” The size of the counters deiormines the
interval between the rods, the nomber of whish will of eonrse vary
with the length of the framework. Faeh counter (Japaveso tawa, or
ball) is radislly symmetiical with respect to ils rod, on which il slides
easily. Looked at from in front of the box, the form in perspestive is
that of » rbombus, the rod passivg through ibe blonl angles. This
double cone form makes mavipnlution rapid, the Huger oasily anteliug
tho ridgo-like girth of the tama. On each rod there are six (somotimes
seven ) tama. Five of these slide ou the longer segment of the rod, the
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remaining one {or {wo) on the shorler. When the fama on any segment
of arod are sel io close contact, a part of the rod in Jefl bare. The length
of this bare porlion ia determived by a double consideration. It munst
be long enongh to be elearly visible, and yei oot so long as to maka tha
action of the fingers irksome by reason of excessive stretching,

When & Soroban is lifted indiscriminalely, the souniere will take
pome irregular coufigurntion wpon their rods, being limited jn their
motions by the bonuding walls and the dividing ridge. To prepare it
for uee, the framework s tilled slightly with the emalfer compartmeont
uppermost, so that eash seb of five counters slips down Lo the hnundiug
wall end of its rod nnd each single counter' on ils short rod slipas
down upou the upper surface of the dividing ridge, The framework is
then gently adjusted till all the rods beeome horizontal, so that if any
counter is ghifted it will have no tendeney to move back to its former
position. By a sweep of the finger tips along the snrfuces of the
single counters, these are driven from their confact with the dividing
ridge to the other extremities of the rods. In this eonfignmtion in
which the ecounters are all as far away s poseible from the dividing
ridge, the Boroban is prepared for astion. The number repressnted is

zaro. This position is shown in Fig, 1.

EEW WZ? *f.‘?ﬁf,ﬁﬁgz?

Lt now any first counter of a set of five be moved (il it is stopped
by the ridge, ne shown in the firat dingram of Fig. 2, This will
represent 1, 10, 100, 1000, ete., na may be desired. Tt it represent
1, then n eecond moved np will give vs 2, a third 8, a fourth 4. This

1 We shnll lisneeforth voly epeak of owe counter a8 being om the short rod.
Tho two counters, althongl facilitating =omewhat certnin operstions in division,
are ool really necessary, and thelr ase is exceplional.

Pd""
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Inst is shown in the secoud diagram of Fig. 2. The last moved vp will
of eonrse give 5, but this namber is also given by poshing back the
five eounters to their zero position and bringing down the correspondiog

single counter to the ridge, This is shown in the last diagrm of Fig. 2.

W ‘?ﬁ‘?? EEE

me

(Fig. &)

Leaving tbis single one in position, we gel 6 by pusbing np 1,7
Ly pushing up 2, avd so on Lill § is reached as shown 1 Fig. 8. The
wumber 10 is then ropresentod either by moving op the last eonnter, or
mora nsually by clearing the rod of all its enunters and moving ons np
on the naxt rod to the leR, as shown also in Fig. 8.

Y TELTT _ _YTTIY ?-J

B

The mode of repressuting any nomber is thus obvions, being
simply o mechanieal model of oar cipher systam.  Each rod eorresponda
to a definite figure *place’ [Japavese Kuwrai i) or power of ten. One
being first chosen as the unit, the next to the leil is the *tens,’” the
next the *hundreds,’ the next the *thousands’ and so on; while the
succcagive rods to the right will represent the successiva docimal
places—tenths, hondredilis, thoveandths, ete. When the conunters ara
as far as possible from the dividing ridge they have no valae; wheu

(Fig. 8.)

they are pushed as near the ridge as posaible thoy bave valoes as
already indicated. The single conuler when pushed down upon the
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ridge hna five times the volos of auy other eounter upon that red. In
Fig. 4, the number BOS5E-274 in shown.

the * umits " rod.

The mark V is placed over

- XY ALTX

-
< 7
o
'

)
-
LD
C
.

The operntivns of addition aud sublraction are sell-evident. Thos
lat it be required to add to this onmber 352060, Ouw the *huwdreds’
rod push vp B; aud proeceed throughout whenever ik can be done iu
this way. Ou the *teus’ rod, however, where only iwo coantors are
Dul sinee 50=100—50, the wddi-
tion is effected by, pushing up owe evunter on the *hnndreds ' and
removing & from the *tens’ rod.

left, it is impossible to push up 5.

This gives of eourse 4 on the
‘hundreda” vod and leavea 8 on the *lens.” Then |_!1'L.-ih up 2 on lhe
‘anits " rod ; then 1 on the *teoths' rod with o gimultaneous renioval
of 4 from the *lmodredths’ rod, sinee 10—0==4; then 1 en the
‘huudredihs’ rod with & simullaneons removal of 1 froom the * thowsandibs®

rod. The final resnlt 3437-848 is given in Fig. b.

I~ AR APS AR

—

(Fig. &)

Bubtraetion I8 exeeuled in o similar manner. It will be potieed
that these |r|_1.-.ruh'|:-1||; involve no meulal labonr hu-:.'mn] that of remem-
|H:1'i.ug il r,'umpl-:r:m;uhlr}' opumber, that is, the nonmber which with the
given number makes np 10.
is snficiont to sbow il the addition (or gubtrsction} of & vamed nomber

A glaee at the configuration ou any rod

cans b offected on it and if this eanool be, it is neecsssary simply to
add (or sobiract) one to {or from) the next higher place and subtrast
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{or add) the eomplemeniary number from (or fo) the place in question,
In first experimenting with the Sorcban, an operaior who is asoustomed
only to our Westorn modes of figuring is apt to add mentally, snd then
got down the result on the instroment. Sneh o mode is inferior of
conrss to the ordinary fignring method, being linble to error, inasmuch
& the number that is being added is not visible to the cye ab any time,
pnd the nnmber that it is beipg added fo disappenvs in the operation.
But if any one will take the trouble to dispossess himself of his Western
methods and work im the manmar indieatod, bs will find Soroban
addition and aabirsction both more wapid and more eertain, becanse
attended by less mental exertion, than in figuring, The obne seeming
disadvantage in the Boroban is that the final result of each step alona
appears, so that if auy arror is made, the whole operation must be
carried throngh from the beginning sgain.  Almost all writers on
Chiva or Japan, who have noticed the instrument, bring this forward
as a serons disadvautage, Bob such a conclosion is a hasty one, and
ghows (he writer to possess but small aequaininnes with Boroban
methods, aod little regard to the troe aim of enleulation., For after all
it is the resolt we wish ; and if an error hee been mado, ropetition is
ueeessary both with Soroban and eipbering. The mean position of an
gecidental error is of course Lalf-way throngl; and this wonld tell in
favour of the cipbering system., Euot on the other hand, the Boroban is,
on the average moeh more rapid than eipbhoving, and less linble to error.,
Unly a loogthened serios of comparative oxperiments conld establish
whether there is any real disad vantage at all.

MuoLTiPLICATION,

Maltiplication on the Boroban differs but slightly from our owo
methods, being efectod by means of a Multiplication Table—fku ku
g6 af (AL AL & 8 )" literslly, nine-nine combining number, Two
peculiaritios distingnish this table from ours, First, there is a eomplete
luck of interpolated words like our * times,” the wultiplier, multipli-
ennd, and prodnet being mentioned in unbroken sueeession ; and seeond,
the maoltiplier, that is the firet named number, is always the swmaller.
Thus the multipliention table for six runs ;

B Generally callod simply ke ku.
Yal iv.—T
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iehi rokn rokn

ui rokn jo ni

sAn rokn ji haehi
shi rokn ni ji shi

o ' rokn san ji
roka roka san ji roku
roku shichi ghi ji ni
rokn hachi shi jli hachi
rokn kn go jii shi

It is onnecessary to go fto 12 as we do. Knowledge of a molti-
plication table for any pumber bigher than § would retard Boroban
manipolation. We EBritish at least aro compelled to learn up to 18
beepnse of onr monotary system; and it ix often serviceable to know
the table for 16, One is carly strock by the inability of most Japanceo
stundents to multiply by 12 or even 11 in one line.

To multiplying two numbers togetber on the Boroban, the operalor
gets the two numbers somewhnt apart on the instrument, the multipher
being to the left, the mualtiplicand to the right. There must be left to
the right of the mulliplicand o sofficient numbor of empty rods, a
number at least equal to the number of places in the maltiplier. The
operation Is essentinlly the same s ours; only instesd of multiplying
the multiplicand by each figure of the muolliplier ne we do, the Japaneso
multiplies the moltiplier by eaeh fgure of the mulliplieand, As the
operation goos on the multiplieand gradually dieappears, so that finally
ouly the muoltiplier and produet sre left on the board. An example
will render the method ¢lear, Let it be required to mulliply 4143 by
028. Bet these on the Borobmn, the malliplier anywhere to the lefi,
and 8 empty rods at least io the right of the multiplieand. Hence-
forward in the diagrams we shall represeut visnally only the counters
which happen to be in ase.

NN EPYPNYEE
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Muoltiply 8 by 8 and sel 24 on the Soroban so that the 4 lics just
a8 many places to the right of the multiplicand 8 us there are figores in
the moltiplier, This 4 is of conreo in the * units ' place of the produet ;
and wa shall eontinme to namo the other places securdingly. Next
mulliply the 2 by 8, and add the product 8 to the *tens' rod. This
gives us the result so far 84, Lastly multiply 9 by 8. This requires 7
to bo added to the *hondreds” rod, and 2 to the *thousands’ rod.
But before this latter operation can be done, the *thousands' rod most
be cleared of ila multiplicand B, which baving completely sorved its
purpose may easily be romoved, and indeed is bettor away, Bivee 8 ia
to be removed aud 2 added, it is sofficient to remove 1 and leave 2,
The result so far is sbown in Fig. 7,

C TTTTITETTITATIET

e

Now proceed to mulliply with the next figore of the multipliesnd,
7 namely :—7 x8=F%0, of which the b is to be added to the * bundreds,’
and 0 to the *isns’ rod; T=2=14, that is, 1 to the * thousands,' 4 to
tha ¢ bmodreds ;' Tx8=08, thet is, leave § on the * ten thonsands ' rod
by taking off 1 from tho 7 and add 8 to the thousands, The result of
this operation is given is Fig. 8.

ERENPS _é_ugj;g.ﬁacg_é TTLI]
NN

X (Fig. B.)

{F‘ig--'?-}

The operations with 1 and 4 are similarly earried out, care being
taken to add the pumbérs which make up each several product in their
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proper places, snd to suppress the muliiplicand figure ab the final
cperation with the same. The fins] result is given in Fig. 9.

SETTLIIT

litsilis:

i Fig. 9.)

It will be noticed that in all addition or subiraetion proeesses, the
pumber is added to or taken from the rod rather than from the number
on the rod, The eys can tell at a planea if this operalion ean ba
effoeted on the rod in question, or if the next rod to the left has to ba
enlled into play. Mental laboor is thos reduced to a mivimom. The
opgrator bears or utiers a certpin sound, which means one of two
operstions. A glanes shows which of these it must be; wnd the
finpors oxcente a carlain mochanical movement which aseompanios the
gound of the words as natorally as the fingers of a pianist obey the
graphic eommands of a Sonata.

We sea thon how well fitted for Boroban use ia the Chiness and
Japanese momenclatore of the numerals; aud bow ill adepted el sneh
systems must bo which say sixtoen and five-nod-tweoty ivstoad of teen-
six and twenty-five,

Dirvisios.

Division on the Soroban, althongh essentinlly the eame ns onr own
Long Division, i# in many respects peculiar and almost faseinating.
The ait of it is based upon a Division Table, called the ks ki 45 7L 5
&) or Nine Returning Method, whieh is loarned off by heart. This we

give in full as it is pronconced, with an aceompanying translation ne
literal as possible.

Divigion Table for fehi {one),

ichi is shin ga in ji i ohe one gives ono fen
“m " “m ™ | one two " two lens
Wi BaL I " ogan & '. i tl'.lrl:i.'-! Wil thrﬂﬂ' ik
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and so on to
feli ku shin gn ku jo | one nine gives nine (-

Dvivision Table for Ni (two),

ni ichi ten saka no go I two one replace by five
“ni phin ga in ju i “ two gives one ten
wghi v xjjd | “ four * two tens
“ roku * * gan jo “ gix * three *
U hag * % ghiji # pight “  four "

This Table could well slop at ““ni nishin gsin ji'", sluce the
bigher ones are simply combinations of the first two. This is
rocogniged by the absenes of the * two five " statomont.

Division Table for San (three).

san iehi san ji oo icki | three one thirty-one
“ pi rokn * * ni “ o Awo sixby-two
“ g #lou ga in Ji | “  three gives coe ten

Tho vest is ubvious, boing indeed but o repetition of the firsl three
slatements,

Division Table for Ski {four).

shi ichi ni ji no ni four one twenty-two

“ yi ten sakn no go “  two roplace by five
% gy slichi j8 no wi “  three sevenly-two

# ghi ghin gn in jo i faur gives obe len

Divigion Table for Go (five),

go ichi ka no ichi | five one add one
Hopi Mo opj “ two Y two
“opan ¢ Y pam “  threo * thrae
“oghi **  ghi . “ four ** four,
* po ghin g ui ji ® five gives one len

Divigion Table for Holw {six).

roka iehi ka ka no shi . six one below add four
“ ol san jT wo o { " two thirty-two
“  gan ten sakn no go “ three replace by five
*  ghi roka ji no ni * four sixty-fonr
“  go baehi j no ni “ five eighty-two

roko shin gr in ji * gix gives ooe ten
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Division Table for Skichi (seven).

shichi ichi ka ka no san
e ni LI 1Y LT ruku
#  pan ahi jO no ni
*  ghi go il wo go
4 go shicki ji no iehi
#  roko haceli j no shi
“  pghiehi shin gn in jii

SCVEL
b

ong bolow add three
two “  gix
three forty-two

four fifty-five

five saventy-one

gix eighty-foor
goven gives one ten

Division Table for Hachi {eight).

hnchi ichi ka ke ro ni eight ona below add two
T ni A e i fwo s four

o pan ** " % rokm #  three " W gix

“  ghi ten saka no go ¢ four replace by five
“  po rokn jO no ni “  five sixty-two

o rakun shichi j'l'l tia shi 1 Ll EX glrvenl}'-fuur

*  whichi hineli j& wo roku *  paven eight-six

*  hnehi gbin gu in j “  eight gives one ten

Divigion Table for Ku (nine).

ku iehi ka kn oo fobi nine oue below add one
1] |Ji ad  di 1] ui i twu Y i twﬂ
L1} San (1] is L1 Enn (1] thrm i e thrﬂ

and so on to

ko Lachi ka ka no hacki nine sight below add eight

“ kn shin ga in jo “  nine gives one ten

It will be poticed that the cesentin]l parts of the division tables
take no aeconnt of the division of & pumbor higher than the divisor,
Henes in division, the larger number is named first ; wherens in molti-
Thus
the Japanese gets rid of sweh nterpolaled words o8 " limes"™ and
Yjuto "' or “out of," which sre necessary paris of our multipliention
and division methoda,

pliention, as we saw above, the smaller nnmber is npmed fivst.

In order clearly to nuderstand this table, we must benr in mind
that division is always at least a partial teansformation from the devary
scale to the scale of wvotalion of which the divisor is ibe base. The
ndoption of the denary or decimal senle by all civilized notation is due
eutirely to the faet that man has ten fingers. Thers is wo other
peculiar charm abool it; in some respects the doodenary seale would
certainly be superior. As a simple example lel us divide nine by
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seven ; we got of course ones and two over, This meoansg that the
magnitnde whieh i» represented by 0 in the densry seale is vepresentod
by 12 in the sopicnary seale. In this ease the transformation is
complete. 'We may test the acenraey of our work by writivg down the
puccessive numbers in the two seales.

Dennry i 2 8 4 3] ¥ 7 H 0

Septenary 1 2 8 1 b 6 10 11 12

Now let ug work oul the problam on the Boroban, Bet down the
namber § with T a little to the left. The division lable for seven lakes
no aceount whatever of the namber nine; bub it snye * shichi shichi
shin gn in jii,"” or a8 it might be paraphrased, *¢ soven soven gives ona
ten "—where “ten” signifles nol the nomber but the rod. As the
operator repeats ihis formula, e removes 7 from the nine and pnshes
1 np on the next rod to the left, The operation is slown in diagram
1 of Fig. 0,

| L

().

“1"’?"1>f |
==

{"‘

T
RS

&

LAY
E2e%1
42' .-.'_“:.-‘:fx.-“"
;'?"5-5*?«"3

—_ —.

(Fig. 9.)
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Now this number, represented by 12 in the seplenary senle, we
eannod erll twelve, becanse twelve means ten and two, whereas hera wa
Liave ouly seven mnd two. Practically we keep the unit ws io the
dennry seale and use the phrase two-sevenths, which really signifies
two in the septenary senle, A more complex example will make it
elearer. Lot it be required to divide 85 by 7; in other words, how
many times is T contaived in 5. DBy ordinary proceases we obiain 18
aud 4 over. Thl.a 4 is in the septeuery ssale; but 13 is still in ibe
denary senle. Henee the transformation i enly partisl. To eompleta
the transformation inlo the neplﬂum’y acnla wo mnst EXPress thea d(‘lml’j’
18 as the septenary 16; 8o that finaily the denary 88—=septenary 164,
In this septepary nomber the § means 6 sevens, and 1 means 1 seven-
sovans ; precisely s in the dewary number 9 means from its position
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9 {ens. Peactieally of conrse we keep the quotient in the denary scale

and say 18 and 4-sevenths. Now perform this on the Boroban. First,

ns before, we remove 7 from tho § and move 1 up on the next rod to

tho laft. The Soroban now reads 125 as shown in disgram 2 of Fig. 10,
Il 1.
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{Fig. 10.}
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We bave now to divide twenty-five by 7. The Boroban manipulator,
however, does not look so far ahead, but deals simply with the twenty,
or what is the same thing, the 2 on the ‘tens' rod. His division tabla
gays * Bhbichi i ka kEa no rokn, or as we may paraphrase it, * Seven
out of two, add six below ", which implies that the 2 is to be Jefl as it
iz und 8 added to the next rod, to the right. (This is preeisely the
equivalent of seven ont of twenty, twice and rix.) Now it is evidont at
a glanga that we cannot add 8 to the next rod, which bes nlready 5 on
it. Buk, bearing in mind that we are still dividing by seven, we remove
seven from the overfilled vod and posk one wp on the “tens’ rod,
Henee the operator is to add one to the *tens’ rod, remove seven from,
and add six to, the *nnits’ rvod; or simply add one to the “fens ' rod
and remove one from the ®umits' (1=T—8). The general rule is
obvious, If the remninder nomber to be added to any rod equals or
exoeeds the nnmber of unused ecunters on that rod, then one comnter
is pushod wp on the rod immedintely to the lelt, ond from the firet
named rod is subtracted that number which with the remuinder makes np
the divisor. Hence the final result stands as is shown in diagram 8 of
Fig. 10, where 4 nppears as the remaiuder,

As another exnmple lot us divide 427082 by 8. We may represent
the operations symbolically thus, waming the successive resulis by a, &,
¢, d, ¢ f, and deawing & bar to show how far the opersfion has
advansed. The translation of the Japanese verbal accompaniment to
these operations is given below :
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(8) i 2 7 0 8 8
A 5] 8 7 0 8 2
b. 5 8] 8 0o 3 2
. 5 8 8| 6 8 2
d. 5 8 8 7| 7T 2
. 5 8 8 7 8| 8
I. 5 8 8 7T 9

u. Hight four, replace by b.

b. Eight two, below add 4 (which being impossible mesps add 10%
take off 4).

¢. Fight tbhres, below add 8.

d. Eight six, seveoty-four.

e, Eight seven, eighty-siz.

f. Eight eight, gives one ten.

The ehicf sdvantage of the Horoban over eiphering lies in the
absonee of all mental labonr such as is pecessarily involved in ibe
“earrying " of the roemainder to the next digit. Once the Division
Table 15 mastered and the fingors play cbediently to the sound, the
whole operation becomes perfeetly mechanieal. The only dissdvantage is
the often mentioned owe, that the dividend disappears in the proeess.
But this, ag we have seen, is & small thing after all.

We shall now go through a problem in long division ; and here the
process i8 very similar {o our own. Indoeed, it ean hardly ceeape noties
that short division on the Boroban is essentinlly the same process as
long division with os.

Lt it be required to divide 708,814 by 788. Here again we shall
symbolically represcut the suecessive operalions, so far as is necessary

for clearness,

(788) 7 o 8 8 1 4
. 1] 0O 1} 8 3 1 B
b. i | T ] ) 1 i
e. ] 8 ] 1 1 4
d. g b ‘ i 1 1 4
&, g 5 2 2 1 4
f. L] & b 8 1 4
g. 9 5 8 ’ 1 1 4
h. b1 7] ] 0 0 0

M This 10 is nat **ten” but **eighl", since for ihe mowment we are working

in the ootenary seale,
Vol xiv.—8
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The start is made by consideration of the first fignre on the left of
the divisor,

6. Beven seven, one ten. Take account now of the next figure in the
divigor, multiply it by the 1 already obtained in the gquotient nnd
snbtract the produet from the second place in the dividend.
Clearly this is impossible. Now observe that the first two figures
of the line opposite a, namely 10, are really in the sepienary
neale,

b. Hénee take 1 from 10 (oot ten but really seven) and add 7 to the
next lower rod.

¢. Use 9 as multiplier now; subtract 0 times 80 or 270 from 788 and
then @ times 8 or 72 from the remainder. This completes the
firet operation, and iz essentinlly the same as the first stage in
the ordinary long division method,

d. Biart afresh as before with * seven three, forty two."”

But 2 is greater than 1, the unused counter on the corres-
ponding rod. Hence add ome to 4 on the sceond rod and
snbtract & {7T—2) from the third red.

e. Use 5 as multiplier ; subtract § times 80 from 411, and 6 times &
from the remainder,

f. 8tart onee again with " paven two, add six below."”

g. * Beven soven, gives one ten ;" which means,—add one to the third
rod, snbtract seven from the fonrth,

h. TUse 8 as mualtiplier; sublraet 8 times B0 from 114, and 3 times 8
from the remainder.

Heore aguin in the complete abeence of any mental labour Jies the
poculiar merit of the Soroban. The oanly oporation which ealls for
gpoecinl remark ig a, in which the first fignre of the quotient is obtained
by a proeess singnlarly rapid and free from all econeentration of
mind.

It is oot necessary for rapid manipulalion of the Boroban that one
who is aconstomed to weslern modes of thought should uwee the Japan-
ese Division Table. We may sobstitote our own pecoline method of
dividing. There are, however, two of the Japanese Tabies whieh are
singularly heantiful in their constroction, the one for 5 and the one for

§. For example lei us divide 2400685 by 6. The Table says * five
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two, add two,” which is exactly the equivalent ultimately of ounr ptate-
mept that *“five into twenty give four. We may show Lhe process
symbolienlly thus :

{6}

e e e e e BD
el == =]
[ Sl =l
B2 o

- X-8-§  §-.1

X O o a0 s e

The process simply amonpts to muliplying by 2 and dividing by
10 ; bul with the Boroban it is pecaliarly rupid,

Agnin let ns divide the same number by 9. The Table says * nine
two add two below,"" which is identieal in result with ** nines in twouty
twiee and two,” and eo with the others. Bymbolieally we have:

a 4 0 ] a8 &
2] 6 0 i b b
2 6] 6 1] a &
2 i g |

Here we cannot add 6 below ; bot instead wo take off 8 (8—4G) and
pat on one above as nsnal. Henee we obtain:—

2 8 7| B B b

2 6 7 8| 6 6
2 6 7 B 7| 2

The 2 is the remainder of course.

Exrracrion oF Sguarg Boor (Kai ke &3, B & F),

This requires, a8 in the ordinary ciphering proesss, n knowledge of
the squares of the mine digits; bot its peeunliarity lies in the nse of
another table of half-squares, Haw ku ku (A &),  Io both the Boro-
ban and ciphering proceeses, the bagie is the algebraic traih that the
square of a binomial is the sum of the squares of the two components
togetier with twies their product,-or the eorresponding geomotrieal
theoram that if a straight line be divided into two parts, the square on
the whole line is equal to the sum of the squares on the two parls together
with twice the rectangle eontmived by the parts. Iu the arithmetieal
oxtruelion of square root, the quantity is considered ns consisting of
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two parts, the fret part being that malliple of the Lighest power of 100
contained in the pumber which is & complate square, Thns the number
68889 is divided into 6400 aod 442. Dat

8400 -+ 480 == B(* 4 480 v

80 that B0 is the firet spproximation to the valoe required. If we com-
pare this with the binominal sxpression

{atb=a'+2ab+ b
=a'+{Za+bjb

wa goe that our next operalion must be to form the divisor Za -+ b that
is, in the nomerical case 160 4 a guautity still unknown, but this
quuotity still auknown is also the quotiont of the romainder 489 by the
divisor, The process is to nse 160 as & trial divisor, so as to gel au
iden what the woknown goantity may be, In this emse we obinin 3,
which added to 160 gives 163; and this multiplied by 8 gives 480,
Hence the square roof of 6880 is 88. Now in this moede of procedure a
divisor quito distinet from the final resnll has to be formed. Ln the
Boroban, bowever, whose poculisr foature in all operntions is the dis-
appearnuce of the varions sncoessive operations ag the result is evolved,
a dislinet divisor does not appear. Thuos, h}" an obvious iransforma-
tion, wo have

(a+by=a"+2(+3D
Comparing this as before with

6689° = 80" + 480

we soe, that by Aeledey the remeinder 480, wo may omploy a itself,
that iz B0, a8 onr inal divisor. In completing this slep we mnab take
i b instend of b*; and hence the importance in the Soroban method of
the table of Lalf sguares. The simplicity of ihe method will be re.
cogmised from the following exmmple. It is required to extrmet the
squaro voot of 418,608, As in ordinary ciphering, tick off tle number
in pairs, beginuing at the right band. Then clearly 600 is the first
approximation to the valoe of the square rool, or G is the first figure in
the apswer. Move ap 0 on a convoniept rod somewhat to the lef,
Tha snecessive operations are given symbolieally below, the descriplion
following as in the previons examplea.
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o ¢ 1|8 6|0 9
8 |8 6|0 9
b. 2|8 8|0 456
' 64 B 3|0 4.5
d. 4 5|0 4.5
. 8 | 0 4.5
I 2 45
g- 6847 0

Sabiraet 6 or 80 from 41 leaving 5.

Halve the whole remainder G860,

Use 6 an trinl divieor of 20, Thir gives 4. Bobiract 4 X 6 or 24
from 20, leaving &, and consider fi4 as the foll divisor,

Subtract half the square of 4 from B3, This cowmpletos the second
slage.

Btart with € sgnin as trial divisor of 45, or more nccurately 000 as
trial divisor of 46{4°5. This givea 7. Bobtrast Tx 6§ or 42
from 45.

Subtract T times 40 from the remander 8045,

Snbiract hall the square of 7 from the remander 24-5. 0847 thuos
appears. as the last divisor and, as there is no remninder, it is
the gquare rooi of 418,000.

Tlhe whole process may bo essily proved by congidering the

expansion of the square of a polynominl.  Take for example the
quadripomial (a-+b+e+d}

(at+tbt+etd)*=a*+b? +e* +4d?
+-2ab +2be +2ed
+ 2 4+ 2 hd
+ 2 ad
=a'+-2 [(a-k2) b
+(at+b+s)e
+in+betd)d)

Ezroaction or Cupe Door (Kai ryu b i £ #F)

The difference in the Boroban and eiphering processes arises from

the same cause ss in the case of square rool, That is, justead of

preparing a divieor, the Boroban worker prepares the dividend, The
much greater complieation in the ease of the enbe rooil nocossitntes an
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wndoing of the processes of preparation at each successive stage—a
mode of operation which was vbviated in the case of square rooi by the
usa of the table of half squares, The analogons table of ** third eubes ™
would bs excessively awkward in oporating with, becanse of the deeimal
mon-finiteness of the fractions of three. The operator is expected to
know by beart the talble of cubes, or Sai 0 ku ku (5 AW R), As
the ordinary eipbering method, the Soroban metbod depends upon the
expression for the enbe of a binomial. Copsider for exsmple the
number 12165. The first operation is to tiek off in thress, that is in
groops of ten-cubed. Now 12 lics belween the eubes of 2and 8. Hence
20 is the first approximotion to e eube root of 12167. We bave

12167=8000 + 4167
= 20" + 4167
Now eomparing fhis with the expression
(a+bP=n'"+8a'b+8ab+ Db
=a"+(Ba"+8ab +W b
we #e0 that we must form & divisor whose most important part is Ba®,
thut iw, 8x400 or 1200. Using 1200 as trial divisor of 41067, we got

8, whieh eorresponds to the b in the general expression. We now form
the complete divisor by ndding to 1200 the expression

Sab4b* —8x20%B4+8x8
= 1B0+ 8
= 180

Thns we find as final divieor 1888, which muoltiplied by 8 gives 4167 ;
and henes 28 is the answer required,
The method on the Boroban depends upon the following iransforma-
tion of the binomial expression.
(a+b)f ==a*+Ba(atb+ D) b

Here by dividing the remainder (after subiracting the enbe of the first
member) by that member and by 8, we oblain an expression whose
prim‘:ipnl part iz ab, that is, the prodoet of the first member and the na
yot unknown second momber. Henece using a ns trinl divisor of the
firet figuros of the prepared dividend we get 5, In the process, the a
or first member of the answer is set down in such a position rolatively
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to the original expression that the b when it is finally evolved -falis
into its proper place sveceeding a.  We now sobiraet * from its
proper place in the remainder ; and the final remainder obtained is
b*8a. Operating npoa thiz by multipliying first by § and then by a,
that is by an exact reversal of the original process of prepaiation, we
got b° left. We sghall illostrate the process by exiracting the roob of
12167 according to the Seroban method, The wamber iz first ticked
off by threes in the usual way, aund the first member of the answer is
wot down on the first rod to the lefi of the highest triplet. In Lhis
particular oxemple there are only two significant Bgures in the highest
triplet, so that the 8 is set down two rods to the left of the first fignre
in the original number, The successive sleps ara as followa; aod as
position is of supreme impertance in this operation, we ghall symbolise
the Boroban rods by ruled eolomns,

a 2] j1[211|6]7
b. g tl1]6}7
c. al |2lols8lsf1
d. 2| |6lol4(8]2
e 2|8i0(94(8]|2
f. 28 482
g 2|8 1181
h. 2|8 2|7
i 2|8 0{0

a. Tick off into powers of 1(F and consider the significant figures in the
highest triplet, in this ease 18, Two rods to tho loft sst down
2, the highest integer whose enbe (8) is less than 12,

b, Suabiraet 2 or B from 12; or, to be more precise subiract, 20° or
80040 from the origioal number.

o. Divide the remainder by the 2, which is the first found member of
the answeor. This, in aceordanca with tho Soroban method of
division, requires the first figuro of the quotient to be set down
one rod to tbe left, Also it must be poted that the Inst wmnit is
a fractional remainder and means really one-half,

d. Divide by 3, eerrying cubt the prosess until the last rod with the &
remainder is reached. To this nnit the unit of the fraotion one-
third which appenrs a final remainder is added ; so that the 2 on
the last rod really mesus one-half aod one-third, The dividon by
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8 might be stopped at the preseding rod, so that instead of 69182
we should bave 60411, iv which the first unit means § and the
socond §. There is greater chanes of confusion, however, in this
melliod than in the one shown, as will be seen when we soma to
the later stages.

e. Divide by 2, but stop when the first figure in the quotient, in this
cnse B, is oblained,

f. Continne this operation of division, regnrding the newly obtnined
8 s part of the divisor ; or in other. words, snblract 8° or 9 from
the wext place to the right. Wo have now left & remainder
represeuted by 48 and § and §. This remainder is of the form
%; sud to bring it back to n workable form we mnst multiply
it by 8a. We must be eareful, however, to do this so ns to take
proper necount of the peenlinr mixed fraction represented by 2
on the last rod to the right. The next two stages effect
this.

g- Multiply by 8, beginuing, bowever, at the second last rod, and thus
undeing the operation d. Multiplieation on the Soroban is
anccompanied by displacement to the right. Hence the product
8248 or 120 bas its lnst right-band figure added to the rod
containing the mixed remaivder 2; and the final result of this
operation gives 181, in whieh the last unit mesns ns before
one-hall,

h. Maultiply by 2, begiuuing with the second last rod, and thus undoing
the effeet of operation ¢, The product 2x18 or 26 is added fo
the 1, nod the 27 appenrs as the final expression,

i. Bublraet 8" or 27, and the remminder is gevo.

Had we stopped in the operation d sl an earlier poiut as suggesled,
we should liave Liad to wodily the reverse operation gy. Thus, only the
4 of 411 would need to be maltiplied by 8, giving of conrse 12 to be
ndded to the first of the two units, The final resnlt would have been
of evursa 181, as already oblained.

As & forther illustration of the method, lat us take the ease of a
much larger number, It is required to find the cube root of 287,176,050,
We shall divide the operation into two stnges, the first of which ecorre-
sponds with the simpler example already given.
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Tick off the number in triplets begioning at the ' units ' place, and
find tho nearest complete cube to 2B7. It is clearly 216, the
cuba of 6.  Set down 6 immadistely to the left of 337,

Subtract 216 from 257,

Divide the remainder o the cud of the next triplet by 6, It is un
noesossary to go further in the divieion. Buch an sxtonding of the
process would simply give nnoecessary exbra work in the reverse
operations. The 2 in tho last place of the second triplet is as
before n fraational remainder and means fwoo-sizths,

Divide by 8, manipulating the romainder as in the previous example,

Divide by 6 as Erinl divisor, giving 1 for quolient, and continue
the division with 61, In cther words sabiraet 1 * 61 from 117.

Undo the cffoet of d by muoltiplying 5668 by 8 and sdding in the
mixed remainder 5.

Undo the effect of ¢ by mulliplying 1699 by 6 and adding in the
remainder 2,

Bubiraet 1% or 1 from 10106,

The finul result then is 61 and a remsinder 10195660, which must

now be treated go aa o obtain the third figure in the required answer.
This second stage is exnactly similar to the first stage after operation b.
The steps are as follows :—

. 611|1/0[1]9|6(6]5|9
. s|l1l1le|{7)1]4]|2]5]|8
j. el1ls|s|7l1{als6|7]8
k. HHHE slel7ls
L 6119 1]1{5]8
m, ﬂ1ﬂl| 72|
. 6l1]e l0|0|o

Divide the remainder 10195658 by 61, The two last Bgures, 68,

form o fractionnl remainder and mean 68/61.
Vol. xiv.—0
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practised on the Chinese abacms, we cannot buot be strock with their
gingnlar beauly and compaetoess, Onee the meaning of the indieations
is undorstood, the operations of addition and snbtraction are self-evident,
Multiplication and division are of conrse in the first place repelitions of
sddition &nd subtraction, Thus if we wish to know how meny fimes
gix is eontained in 40, we have simply to go on subireting sneeessive
gixes till no amount of the valae of a six remaing. We find we have
to do this § times in snecession and have 4 left after all; hence we say
& out of 40, 6 times nud 4 over. If we bLave this operation to perform
freqnently, it is of distinet fime-saving adveaatage to stow it away in our
memory. It is in this way that muoltiplication and division table have
besn found a practieal nocessity.

It has baen already pointed out that the division table is & peenliny
featare in the manipulation of the abacus as used in China and Japan.
We have nothing corresponding to it in onr western methods, With us

+ the art of division is devaloped from a previous knowledge of the multi-
plieation table. The mental process by which a beginner diseovers
how many tmoes 38 containg 7 is to run np the wultiplication table till
& maltiple is renched which is less than 88 by a number less than seven.
Thus be finds 85, which is § timea 7, and which differs from 88 by 8.
With prasctice the fluding of the neeessary multiple becomes almost
jnstantaneons ; and the average school-boy is hardly conseious of the
snccessive mental operations of mulliplication and sabtrastion by which
be effocte division. With the Boroban worker, however, it is qnile other-
wise, Ho learns a division table, of guite a eonvenlional ecoustruction,
In reality he learns the result of dividing the pure decade nnmbers by the
simple digits; bot inatead of saying ** seven into forly, five and five,”
ha says “ seven four, fifty-five.” Buch a convention, strange ihough it
may sound, is pecaliarly suitable for Abasus nse. Upon it indeed may
be aaid to depend Inrgely the wonderful efficicney of the instrament.
Exnctly by what proeess of development the division table in its
perfected form was evolved, is & problem which will probably never
receive & solution ; but it is clsarly of purely Abasus origin.

The processes for exiracting square rool and eube root, on the
other band, imply a knowledge of wathematice mnch wider than the
aboeus itself coold ever teach. Hquare Koot might perbaps bave been



a8 ENOTT . THE ABACUS, IN ITS HISTORIO AND ECIENTIFI0 ASPEOTS.

evolved as a purely arithmelical operation on the abrens; bot Cube
Root certninly conld not. It seems more reasopable to suppose that
both processes were dednced by some more genmeral mathematics)
method, either algebrais or geometrie. The geomoirieal aspect is
indeed most instroctive., Consider for example the square A B ( D,
from which has been enbtractod the small square X, whose side « is
known in finite terms, The L-shaped porfion measures the remainder
after X lins been sabtractod from the largs square. From this remainder
wo have to find the length y, which with » makes up the side of the
large square. The line dmwn from C io the contignous eorner of X
evidontly ents the L-shaped remainder into two halves, And each half
is made up of the product of = snd y and balf the sqoare of y. Here
we have af onee the suggestion of the abaous rols for extracting square
root. A similar consideration of the properties of the eobe would
B y > Aiua.d io the sbacus ruole for extracting the eube
] root, It is not probable however thal these
roles were diseovered in this way. They are
@ X o ke rather to be regarded as baving been dedoesd
from geoeral algebraie considerations, just as
y our own rules are. They invelve a knowledge
o of the binomial theorem, not pocessarily in its
eomplete gonmerality, but so far at least ss
positive inlegers are coneernad. It 18 known, however, that Chiness
mathematicians bave been aequainled for centuries with the binomial
theorem, which they employed in the solation of equation of high
degroe. Hence it is almost eertain thal the ubaens role for enbe root
iz u formnla deduced from the algebraie mode of solving sudh an equa-
tion as

x'—a=10
The rala of course had fo be formulated so ns to suit Lhe peculisr condi-
tions of the arithmetia abacus. The discussion of what night be eallod
the algebraic abnens or chess-board like arrangement for solving equations,
is beyond the seope of the present paper.
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